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In materials with asymmetric yielding (η ≠ 1), the dependence of 
curvature on the product γC requires an additional equation 
approximation to account for the shift of the neutral axis after yield:  
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For materials that yield symmetrically in tension and compression (η 
= 1), A’ and B’ are equal to A and B, respectively.   

Deflection of a beam is calculated by double-integrating its 
curvature along the length of the beam and applying the appropriate 
boundary conditions.  The deflection of the center of a linear elastic 
beam subjected to three-point bending is given by: 
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After yield, it can be shown that the deflection equation becomes: 
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where 
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The post-yield moment-deflection equation form is obtained by 
combining eq. (11) with eq. (9): 
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The equation relating the post-yield moment to the strain measured at 
the gauge is obtained by combining eq. (2), eq. (3), and eq. (6): 
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where γg represents the strain ratio at the location of the strain gauge, 
as opposed to the strain ratio at center of the bone, designated by γ.   
 Post-yield bone material properties were calculated by  
performing least-squares fits of the theoretical equations to the 
experimental data using the Solver tool in Microsoft Excel.  Four 
different shapes were studied to characterize a wide range of possible 
cross-sections, including solid circles with three different η values 
(1.65, 1.25, and 1) and a solid square with η = 1.65.  For each shape, 
eq. (1) and eq. (12) were fit to the moment-deflection data, solving 
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 A method was developed to estimate elastic-plastic material 
properties from three-point bending tests.  This method addresses the 
complaint of previous investigators that it is not possible to 
determine the yield strain of bending specimens because the onset of 
yield is too gentle (Currey, 1999).  However, it must be 
acknowledged that a three-point bending test is not nearly as 
sensitive as a uniaxial tension test for determining the onset of yield.  
The method developed in this study relies on a least-squares fit of a 
rather subtle curve in the experimental data.  The difficulty is 
exacerbated by noisy data, which are common in dynamic tests.  In 
addition, a simplified shape factor function must be assumed to 
represent a complicated cross-sectional geometry.  Fortunately, the 
results reported here were relatively insensitive to the choice of shape 
factor function.  The advantage of the present approach is that both 
structural and material properties can be derived using the same data 
from a realistic whole bone bending test.  This method could also be 
applied to a three-point bending test of a small machined specimen. 
 In the present study, the strain gauge was not affixed to the 
bone at the expected fracture site out of concern that the mounting 
process would alter the material properties of the bone.  The 
mounting process involves drying the bone with ether, which may 
reduce the amount of plastic deformation prior to fracture (Burstein 
et al., 1972).  In addition, the cyanoacrylate adhesive and the strain 
gauge itself may affect the local properties of the bone.  Therefore, 
the strain gauges were placed a short distance away from the center 
of the bone and the strain at the center of the bone was calculated 
using eq. (14). 

An interesting result from this study was that the strain gauge 
measurements always predicted less strain at the center of the bone 
than the deflection measurements, in spite of the fact that these two 
measurements are theoretically redundant.  Consequently, the elastic 
modulus was 40% greater on average when it was derived from 
strain gauge data compared to deflection data.  The strain gauge data 
are presumed to be more accurate because they are a direct 
measurement.  Deflection at the center of the bone may have been 
greater than expected due to the effect of shear stresses or a varying 
bending rigidity (EI) along the length of the bone.  Regardless of the 
reason, the data demonstrate a systematic error in the estimation of 
strain-related material properties based on deflection data from whole 
bone three-point bending tests.  
 Despite the discrepancy in predicted strain values, the 
deflection and strain gauge data were in agreement with regard to the 
post-yield strain ratio (γ).  Less yielding was observed at the location 
of the strain gauge compared to the center of the bone as calculated 
from the deflection data (γg > γ).  However, when the strain ratio at 
the gauge was scaled to the center of the bone (eq. 14), the two 
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methods were generally in good agreement.  The EPP material model 
accurately predicted not only the deflection behavior at the center of 
the bone, but also the tensile strain a short distance away (~5% of the 
bone length).  This validates the use of an EPP material model to 
describe the tensile strain field due to yielding in a three-point 
bending test.  Furthermore, the values for bone material properties 
derived here are in good agreement with uniaxial tension 
experiments involving small machined specimens, although the small 
machined specimens appear to yield to a somewhat higher ultimate 
strain before failure (Reilly et al., 1974; Burstein et al., 1976; Wright 
et al., 1981; Fischer et al., 1986; McCalden et al., 1993).  This 
finding suggests that the yielding properties of whole bones in 
bending are similar to small machined specimens in tension, although 
the failure properties may be somewhat different. 

Recent pedestrian lower extremity finite element models 
incorporate elastic-plastic bone material properties obtained from the 
bone biomechanics literature and validated against structural tests of 
whole bones (Takahashi et al., 2000; Schuster et al., 2000).  Findings 
from the present study support that approach.  It is understood that an 
elastic-plastic material model of bone is only meant to be a 
phenomenological description of macroscopic behavior, and is not 
meant to imply that the microstructural mechanisms of yielding in 
bone are the similar to those seen in metals and other elastic-plastic 
engineering materials.  This study did not the address microstructural 
aspects of bone failure, other than to note that little or no AE 
occurred prior to fracture.  AE would not be expected at the onset of 
yield in a three-point bending test, because only a small portion of 
the bone yields initially.   
 
CONCLUSIONS 
 
1.) The mean dynamic bending tolerance of the 15 femurs tested in 

this study was 458 ± 95 Nm.  This value approximates the 
dynamic femur bending tolerance of a 50th percentile male. 

2.) The bending tolerance of the femur did not differ significantly 
with loading direction (p = 0.172).  

3.) Elastic-plastic bone material properties were estimated using 
strain gauge data from whole bone three-point bending tests.  For 
an assumed circular cross-section with a yield stress ratio (η) of 
1.65, the mean elastic modulus was 17.7 ± 3.5 GPa, the mean 
yield stress was 101 ± 24 MPa, the mean yield strain was 0.57% 
± 0.06%, and the mean ultimate strain was 1.60% ± 0.71%.  

4.) Deflection measurements in whole bone three-point bending tests 
underpredicted the elastic modulus, yield strain, and ultimate 
strain of bone when compared to direct strain gauge 
measurements by approximately 40%.  
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5.) Compared to an elastic-perfectly plastic material model, linear 
beam theory overpredicted the ultimate stress in the bone by a 
factor of approximately 1.6 – 1.9 and underpredicted the ultimate 
strain in the bone by approximately 30% – 40%. 
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